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X. On the Sextactic Points of a Plane Curve. By A. Cayley, F.M.S. 

Beeeived November 5, — Read December 22, 1864. 

It is, in my memoir " On the Conic of Five-pointic Contact at any point of a Plane 
Curve"*, remarked that as in a plane curve there are certain singular points, viz. the 
points of inflexion, where three consecutive points lie in a line, so there are singular 
points where six consecutive points of the curve lie in a conic ; and such a singular 
point is there termed a " sextactic point." The memoir in question (here cited as 
" former memoir") contains the theory of the sextactic points of a cubic curve ; but it is 
only recently that I have succeeded in establishing the theory for a curve of the order m. 
The result arrived at is that the number of sextactic points is =m(12m— 27), the points 
in question being the intersections of the curve m with a curve of the order 12?»— 27, 
the equation of which is 

(12m 2 -54m+57)H Jac. (U, H, n s ) 

+ (m-2)(12m-27)H Jac. (U, H, Cly) 
+40(m-2) 2 Jac. (IT, H, ^ )=0, 

where U=0 is the equation of the given curve of the order to, H is the Hessian or 
determinant formed with the second differential coefficients (a, h, c, f, g, h) of U, and, 
(S3, 35, C, Si $%■> W) being the inverse coefficients (^i=bc—f 2 , &c), then 

a=(a,s, c, #, <b, m?» ^ ^) 2H > 

¥=(& 3B, C, S, 0, !XB,H, 3,H, B,H) 2 ; 

and Jac. denotes the Jacobian or functional determinant, viz. ° 

Jac. (U, H, ¥)= 3,U, B,U, dJJ 

3,H, &,H, B,H 

3,¥, oyP, B^ 

and Jac. (U. H, Q) would of course denote the like derivative of (U, H, Q) ; the sub- 
scripts (a, u ) of 12 denote restrictions in regard to the differentiation of this function, 
viz. treating Q as a function of U and H, 

o=(a, as, c, #, e, $&> *. <*>/', 2 /'> V. 2 n 

if («', 5', c',/', </', A') are the second differential coefficients of H, then we have 

+( a, ..IBX-.) (=BAf); 

* Philosophical Transactions, vol. cxlix. (1859) pp. 371—400. 
MDCCCLXV. 5 E 
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viz. in c\Qs we consider as exempt from differentiation (a', h ! , d, f, g\ K) which depend 
upon H, and in o^Qp we consider as exempt from differentiation (&, 35, C, ff, <&, ®) 
which depend upon U. We have similarly 

a,Q=B,QH+3,Qs> and 3„G=3„Q s +3„Qp ; 
and in like manner 

Jac. (TJ, H, Q)=Jac. (U, H, Q H )+Jac. (U, H, O ), 

which explains the signification of the notations Jac. (XT, H, Qg), Jac. (U, H, Ou). 

The condition for a sextactic point is in the first instance obtained in a form involving 
the arbitrary coefficients (X, p, v) ; viz. we have an equation of the order 5 in (x, p, v) 
and of the order 12rn— 22 in the coordinates (x, y, z). But writing $=Xx-t-py-\-vz, by 
successive transformations we throw out the factors 3- 2 , &, 3-, 3-, thus arriving at a result 
independent of (a, p, v) ; viz. this is the before-mentioned equation of the order 12m— 27. 
The difficulty of the investigation consists in obtaining the transformations by means of 
which the equation in its original form is thus divested of these irrelevant factors. 

.Article Nos. 1 to 6. — Investigation of the Condition for a Sextactic Point. 

1. Following the course of investigation in my former memoir, I take (X, Y, Z) as 
current coordinates, and I write 

r=(#xx, y, z) m =o 

for the equation of the given curve ; (x, y, z) are the coordinates of a particular point 
on the given curve, viz. the sextactic point; and U, =(#')(x, y, z) m , is what T becomes 
when (x, y, z) are written in place of (X, Y, Z): we have thus U=0 as a condition 
satisfied by the coordinates of the point in question. 

2. Writing for shortness 

DU =(Xa.+YB,+Zd.) u, 

D 2 U=(Xo^+Yd,+Zcg 2 TJ, 
and taking n=aX4-^Y+cZ=0 for the equation of an arbitrary line, the equation 

D 2 u-rrou=o 

is that of a conic having an ordinary (two-pointic) contact with the curve at the point 
(x, y, z) ; and- the coefficients of U are in the former memoir determined so that the 
contact may be a five-pointic one ; the value obtained for 17. is 

n=f gDH+ADU, 

where 

3. This result was obtained by considering the coordinates of a point of the curve as 
functions of a single arbitrary parameter, and taking 

x-\-dx-\-^cPx+^d 3 x-\-i s d i x, y-\- Sec, z-\- Sec. 
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for the coordinates of a point consecutive to (a, y, z); for the present purpose we 
must go a step further, and write for the coordinates 

y + dy +\d\j +id 3 y +^d*y +jh^, 

z + dz +±d 2 z +}d 3 z +-&#* + T i od'z. 
4. Hence if 

'b l =dwb x -\-dyd y -\-dz'd^ 'b 2 =d 2 xb 3! +d^yb !/ -{-d 2 zd !!! , &c, 

we have, in addition to the equations 

U=0, 
3,11=0, 
(B?+2B 2 )U=0, 
(B?+3B 1 B 3 +B 3 )U=0, 
(Bf+6B?B 2 +4B l B 3 +3B^+3 4 )U=0, 

of my former memoir, the new equation 

(B?+10B?B 2 +10B?B 3 +15B l B!+5BA+10B 2 B3+B 5 )U=0, 

and in addition to the equations, (P=aw-\-by-\-cz), 

- (m-2)B?U+P.-|B?U=0 

- f[( Wi -l)BH3(m-2)B 1 B 2 ]U+P.|(B?+3B 1 B 2 )U+B 1 P.iB?U=0, 

-M«*- W! + 6B?B 2 ) + (m- 2)(4BA+ 3B 2 2 )]U 

+P.-f 4 -(Bt+6B?B 2 + 4B 1 B3+3ByU+B 1 P.i(B?+3B l B 2 )U+|B 2 P.iB?U=0, 

giving in the first instance 

P=2(m-2), : 



B.P: 



afu 



.2. 
3 ^2 



-J 



3 2 U 



i (at + 6a?a 2 )u 4 a^u (a? + 3a,a 2 )u 

_- *_ _^ _-— . j 



and leading ultimately to the before-mentioned value of IT, we have the new equation 

-«& [(m-l)(B5+10B!B 2 +10B?B3+15B 1 By+(m-2X5B 1 B 4 +10B 2 B 8 )]U 

+ P. T io(^+10B?B 2 +10B?B3+15B 1 Br ■+5B 1 3 4 4-10SiB.) U" 

+ B,P. Jj (B?+ 6B 2 B 2 + 43^3+ 3B 2 )U 

+iB 2 P. * (Bf+ SB^tT 

+|B S P. | B 2 U=0. 

5b2 
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5. This may be written in the form 

-2[(OT-l)(B;+10Bja a +10Bja,+153 1 ^)+(m-2)(59A+10BA)]U 
+ P( BJ+lOB^+lOBJd.+lSB.Bj +5B,B 4 +10B 2 B 3 ) U 

+ 5B,P( B?+ 6S?B 2 + 4BA+ 3d*)U 

+10B 2 P( 3?+ 3BA)U 

+10B 3 P( B 2 U)=0; 

or putting for P its value, =2(m— 2), the equation becomes 

- 2(3;+ioa'a,+ioajd,+i53 1 d»)u 

+ 5B 1 P(3t+ 6B 2 B 2 + 4B,B 3 + 3B 2 )U 
+10B 2 P(B?+ 3BA)U 
+10B 3 P.B 2 U=0; 

or, as this may also be written, 

2(B*+10B?B 2 +10B 2 B 3 +15B 1 B 2 )U 

+5B 1 P.3 4 U+10B 2 P.B 3 U+10B 3 P.B 2 U=0. 

6. But the equation 

n = |gDH + ADU, 

which is an identity in regard to (X, Y, Z), gives 

BJPr^gB.H, 

B 2 P=f gB 2 H+AB 2 U, 

B 3 P=fgB 3 H+AB 3 U; 

and substituting these values, the foregoing equation becomes 
2(B* + 10B?B 2 +10B?B 3 +15B ,BJ)U 

+(5B 4 UB 1 H+10B 3 TJB 2 H+10B 2 TJB 3 H)f ~ + A.20B 2 UB 3 U=0 ; 

or putting for A its value, = §]js(— 3QH+4^), and multiplying by |H 2 this is 

9H 2 (35+10B?B 2 +10B^B 3 +15BA)U 
+15H (B 4 UB 1 H+23 3 UB 2 H+2B 2 U3 3 H) 

+ ^(-3QH+4^).10B 2 TJB 3 U=0, 

which is, in its original or unreduced form, the condition for a sextactic point. 
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Article Nos. 7 & 8. — Notations and Hemarks. 
7. Writing, as in my former memoir, A, B, C for the first differential coefficients of U, 
we have Be— Qa, Cx — Ac, A/*— BX for the values of <&r, %, &, and instead of the 
symbol J) used in my former memoir, I use indifferently the original symbol B 15 or write 
instead thereof B, to denote the resulting value 

B 1 (=B)=(B,-C^+(a-A^+(A i u,-Bx)B z , 
and I remark here that for any function whatever Q, we have 



BQ= 



=Jac. (U, &, Q), 



A, B , C 

X, (h , J- 

3.Q, B,Q, B,Q 

where ^=?a , +p2'+ , '2. I write, as in the former memoir, 

0=(33,C,#,#,®XX,^) 2 ; 
and also 

V=(<3, 35, €, f, <B, ftfr, //-, vjd x , B„ B s ), 

which new symbol V serves to express the functions IT, □, occurring in the former 
memoir; viz. we have TI=2V<E>, □=2VH, so that the symbols IT, □ are not any 
longer required. 

8. I remark that the symbols B, V are each of them a linear function of (B*, B^,, BJ, 
with coefficients which are functions of the variables (x, y, z) ; and this being so, that 
for any function II whatever, we have 

B(vn)=(B.v)n+Bvn, 

viz. in B(VI1) we operate with V on II, thereby obtaining VII, and then with B on VII; 
in (B . V)II we operate with B upon V in so far as V is a function of (x, y, z), thus 
obtaining a new operating symbol B.V, a linear function of (B„, Bj,, B*), and then 
operate with B.V upon II; and lastly, in BVII, we simply multiply together B and V, 
thus obtaining a new operating symbol B V of the form (B^, B y , B^.) 2 , and then operate 
therewith on II ; it is clear that, as regards the last-mentioned mode of combination, the 
symbols B and V are convertible, or BV=VB, that is, BVn=VBII. 

It is to be observed throughout the memoir that the point ( . ) is used (as above 
in B . V) when an operation is performed upon a symbol of operation as operand ; the 
mere apposition of two or more symbols of operation (as above in BV) denotes that the 
symbols of operation are simply multiplied together; and when BV is followed by a 
letter II denoting not a symbol of operation, but a mere function of the coordinates, 
that is in an expression such as BVII, the resulting operation BV is performed upon II 
as operand ; if instead of the single letter IT we have a compound symbol such as HU 
or HVa, so that the expression is 3HU, BHV&, BVHU or BVTIV3-, then it is to be 
understood that it is merely the immediately following function H which is operated 
upon by B or B V ; in the few instances where any ambiguity might arise a special 
explanation is given. 
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Article Nos. 9 to 11. — First Transformation. 

9. We have, assuming always U=0, the following formulas (see post, Article Nos. 31 
to33):— 

(9J+ 10^+10^3+159,01)11 

=(^~Ij4{(27m 3 -96m + 81)H90+(17m 3 -56m+51)OBH} 

+ ^y 4 {(-14m-22)(B.V)H -(10m-18)BVH} 

o^U^H + 2d 3 Ud 2 H+ 2d 2 Ud 3 H 

= (^Tj4{(-6m 2 +18TO-12)IPBO+(-lTm 2 +60m-55)HOBO} 

+ (^ip {(2m-2)H(d . V)H +(8m-16)BHVH} 



d 2 U3 3 U= 7 -^ i HdPL 



^1 
(m-l) 4 

10. And by means of these the condition becomes 



0=-^f I p{(153m 2 -594m+549)HB*+(-102m 2 +396m+366)OBH} 

<13TT 

+ ~— - 4 {(-96m+168)H(B . V)H+(-90m+162)H3VH+(120m--240)dHVH} 

+t^ 4 iT4 {9H 2 BQ-45HQBH+40^BH}, 

being, as already remarked, of the degree 5 in the arbitrary coefficients (X, ^, v), and of 
; the order 12m— 22 in the coordinates (%, y, z). 

11. But throwing out the factor 3- 2 , and observing that in the first line the quadric 
functions of m are each a numerical multiple of 51m 2 — 198m+183, the condition becomes 

0= (51m 2 -198m+183)H 2 (3H9«D-20BH) 

+S {(-96m+168)H 2 (d. V)H+(-90m+162)H 2 BVH+(120m-240)9HVH} 

+& 2 {9H 2 dO— 45HQdH+40^dH}. 

Article Nos 12 & 13. — Second transformation. 

12. We effect this by means of the formula 

(m-2)(3HBO-20SH)=-&Jac.(U, <D, H), .... (J)® 

* (J) here and elsewhere refers to the Jacobian Pormula, see post, Article Nos. 34 & 35. 



PEOPESSOE CATLET ON THE SEXTACTIC POINTS OF A PLANE CTJEVE. 551 

for substituting this value of (3HB<J>— 2®BH) the equation becomes divisible by. &; 
and dividing out accordingly, the condition becomes 

m _ 2 H ^ ac - ( U > *» H ) 

_|_(_96m+168)H 2 (B . V)H+(-90m+162)H 2 BVH+(120m-240)HBHVH 
+^(9H 2 BQ-45HQBH + 40^BH)=0. 

13. We have (see post, Article Nos, 36 to 40) 

Jac.(U, <&, H)=--(B.V)H; 

and introducing also B . VH in place of BVH by means of the formula 

BVH=B(VH)-(B.V)H, 
the condition becomes 

f51m 2 — 198m + 183 fa «]„.„ nm 
I „^ (6w- 6) |H 2 (B . V)H 

+ ( _ go™ + 162)H 2 B( VH) +120(m- 2)HBHVH 
+&(9H 2 BQ-45HQBH+40^BH)=0, 

or, as this may be written, 

(45to 2 -180to+171)H 2 (B . V)H 

+(-90m+162)(m-2)H 2 B(VH)+120(m-2) 2 HBHVH 
+(m- 2)^(9H 2 BQ-45HQBH+40^BH)=0. 

Article Nos. 14 to 17. — Third transformation. 

14. We have the following formulae, 

&Jac.(U, VH, H)-(5to-11)BHVH+(3to-6)HB(VH)=0, .... (J) 
^Jac.(U, V, H)H-(2m-4 )BHVH+(3m-6)H(B . V)H=0, .... (J) 

in the latter of which, treating V as a function of the coordinates, we first form the 
symbol Jac. (U, V, H), and then operating therewith on H, we have Jac. (U, V, H)H ; 
these give 

HB( VH) = |g=^ BHVH - 3T ^ Jac. (U, VH, H), 



3 



H(B.V)H= |3HVH-3^™Jac.(U 5 V ,H)H; 

and substituting these values, the resulting coefficient of HBHVH is 

( 45TO 2 -180m+171)f 

x 5m-ll 



which is =0. 



+(-90m+162)- 3 
+ 120( m-2) 2 , 
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15. Hence the condition will contain the factor 3-, and throwing out this, and also the 

constant factor -, it becomes 

(-15m 2 +60m-57)HJac.(U, V , H)H 
-f(30m-54)(m-2) HJac.(U, VH, H) 
+(m-2) 2 (9H 2 BQ-45HQBH+40^BH)=0. 

16. We have 

a.(VH)=(d..V)H+a,VH J 

viz. in (B,, . V)H, treating V as a function of (x, y, z) we operate upon it with B, to 
obtain the new symbol B„ . V, and with this we operate on H ; in o^V we simply mul- 
tiply together the symbols B, and V, giving a new symbol of the form (B 2 , B»Bj, 5 d*d s ) 
which then operates on H. We have the like values of B y (VH) and B a (VH); and 
thence also 

Jac. (U, VH, H)= Jac. (U, V, H)H+ Jac. (U, VH, H), 
viz. in the determinant Jac. (U, V, H) the second line corresponding to V is 'd x . V, 
Bj, . V, B s . V (V being the operand) ; and the Jacobian thus obtained is a symbol which 
operates on H giving Jac. (U, V, H)H ; and in the determinant Jac. (U, VH, H) the 
second line is o\VH, B„ VH, B 2 VH (V being simply multiplied by B„ B,,, d x respectively). 

17. Substituting, the condition becomes 

(_15m 2 +60m-57) HJac.(U, V, H)H 
+(30m-54)(m-2){H Jac. (U, V, H)H+ Jac. (U, VH, H)} 
+ (m-2) 2 {9H 2 3Q-54HQBH + 40^BH}=0, 

or, what is the same thing, 

(15m 2 -54m+51)H Jac. (XT, V , H)H 
+(30m-54)(m-2)H Jac. (U, VH, H) 
+(m-2) 2 {9H 2 BQ-45HQBH + 40^BH}=0. 

Article Nos. 18 to 27. — Fourth transformation, and final form of the condition for a 

Sextactic Point. 

18. I write 

(5m-12)QBH-(3m~6)HBQ=SJac.(U, Q, H) (J) 

GBH+ HBQ= 3(QH), 

and, introducing for convenience the new symbol W, 

-5QBH+ HBQ=W, 



so that 



5m-12, _(3m-6), 3 Jac. (U, Q, H) 
1 , 1 , B.QH 

-5 , 1 , W 



=0, 
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or what is the same thing, 

(8m-18)W+6SJac.(U, Q, H)+(10m-18)B(QH)=0, 
we have 

W=H9Q-5QBH= i — - 9 ^Jac.(U, Q, H)- g=?d(QH). 

19. We have also 

(8m-18)*-BH-(3OT-6)Hd*-aJac(U,*,H)=0, ....... (J) 

that is 

and thence 

9HW+40*BH 

=9H 2 BQ-45HQ3H+40^BH 

+3^9{- 27HJac ( U ' Q ' H)+40Jac.(U, *, H)}. 

20. The condition thus becomes 

(15m 2 -54m+51) (4m-9)H Jac.(U, V , H)H 
+6(5m-9)(m-2)(4m-9)H Jac. (U, VH, H) 
+3(m-2){-3(5m-9)(m-2)HB(QH)+20(m-2) 2 HB^} 
+ (m-2) 2 S{-27HJac.(U, Q, H)+40 Jac.(U, % H)}=0, 

which for shortness I represent by 

3HU+(m-2) 2 &{-27HJac.(U, Q, H)+40Jac.(U, % H)}=0, 
so that we have 

11= (5m 2 -18w+17)(4m-9)Jac.(U, V , H)H 
+2(5m-9)(m-2)(4m-9) Jac. (U, VH, H) 

+( m _2){-3(5m-9)(m-2)B(QH)+20(m-2) 2 B^}. 

21. Write 

%=(%', £', €', tf, #, W£A, B, C) 2 , 

where (A, B, C) are as before the first differential coefficients of U, and (a!, b', c', f, g', h') 
being the second differential coefficients of H, (91', 33', C, Jf 7 , &, H') are the inverse 
coefficients, viz., Q'—b'c'— /' 2 , &c. We have 

-(m-l) 2 3^ 1 =(3m-6)(3m-7)B(QH)-(3m-7) 2 B^ (see post, Nos. 41 to 46), 
that is 

(3m-6)B(OH)=(3m-7)B^-^^B^ I , 

MDCCCLXV. 5 F 
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and thence 

11= (5m 2 -18m+17)(4m-9)Jac.(U, V , H)H 
+2(5m-9)(m-2)(4m-9) Jac. (U, VH, H) 

22. Now 

*=(& as, €, #, <b, ha', b', ay, * 1= =(a', as', c, jr, #', wxa, b, c) 2 , 

and writing for shortness 

E^ =m, . .XA', B', C') 2 , F^ =(3, • -IA, B', 0%m', B35', oC), 
E^=(o^',. .XA, B, C) 2 , F*,=(a', .-XA, B, CJjb%, m, BC), 

(we might, in a notation above explained, write E^=B^h, F'^id'^u, and in like 
manner E^^d^, F^,=|3^ 5 ), then we have 

d^=E^+2F^, B^ 1 =E^ 1 +2F^ 1 . 
We have moreover 

Jac.(U,VH,H) =~i~^ 1 , 
Jac.(U,V ,H)H=- E^ , 

23. The just-mentioned formulae give 

11= -(5m 2 -18m+17)(4m-9)E^ 

-2(5m-9)(m-2)(4m-9) ^~ F¥, 
+(m-2)(5m 2 -18m+17)(E^ +2F^ ) 

, {5m— 9)(m — lf(m~ 2) ,„ , , __, T . 

+ 3m- 7 (E* I +2F* 1 ), 

that is 

U=-(3m-7)(5m 2 -18m+17) E^ 

+2(w-2)(5m 2 -18m+17) F^ 

(5m-9)(m-l)>-2) 
+ 3^7 ^ 

2 ( OT -i)( OT - 2 )( 3m - 8 )( 5m _9) 

3m-7 J ^i' 

or, as this may also be written, 

(3m-7)U=-(5m 2 -18m+17){-2(m-l)( m-2)F^ +(3m-7)W} 

-(5m-9)(m-2) { (m-l)(3m-8)F^ 1 +(3m-7)(3m-8)F^-( m-l) 2 E^} 
+(25m 2 -103m+106)(m-2){ -( m-l)F%+ (3w-7)F^ }. 



post, Nos. 47 to 50. 
post, Nos. 51 to 53. 
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24. But recollecting that 

G=(a, B, C, f, 0, *«?„ B„ B S ) 3 H 

=(9i, b, c; jr, <&, $x< y, </, 2/ , 2/, 210, 

and putting 

EQ=(d<a, ...i «',...) (=BQ H ), 

FG=( 9[,...XBa', ...) (=BQ tf ), 

we have, ^ws#, Nos. 41 to 46, 

-2(m- l)(m-~2) F*. +(3m-7) 2 E* =(3m-6)(3m-7)HEQ 

(m-l)(3m-8)F^-f(3m-7)(3m-8)F^-( m-iyi^%={$m-Q)(%m-7ySFQ 

-( m-l)F* t + (3m-7)F* - = (3m-7)QdH, 

and the foregoing equation becomes 

(3m-7)U = -(5»i 2 -18m+17)(3m-6) (3m-7)HEQ 

-(5m- 9)(m-2)(3m-6) (3m-7)HFQ 

-f( m- 2)(25m 2 -103m-106)(3m-7)QBH. 

25. But we have 

&Jac.(U, H, QH)-(3m-6)HEQ+(2m-4)QBH=0, .... (J) 

&Jac.(U, H, Qu)-(3OT-6)HFQ+(3m-6)QBH=0, .... (J) 
that is 

3(m-2)HEQ=2(m-2)QBH+^Jac.(U, H, Q ff ), 

3(m-2)HFQ=(3m-8)QBH+^Jac.(U, H, Go), 

and we thus obtain 

U=-(5m 2 -18TO+17){2(m-2)QoH+^Jac.(U, H, Q s )} 

-(5m-9)(m-2) {(3m-8)QBH+^Jac.(U, H, Q F )} 

+(25m 2 -103m+106)(m-2)QBH, 

where the coefficient of (m— 2)QBH is 

— (10m 2 -36m+34) 

-(5m-9)(3m-8) 

+(25m 2 -103m+106), 

which is =0. Hence 

n=-(5m 2 -18m+17)aJac.(U, H, G«) 

-(5m-9)(m-2) &Jac.(U, H, G^). 

26. Substituting this in the equation 

3HII+(m-2) 2 {-27H Jac.(U, Q, H)+40 Jac.(U, *, H)}=0, 
the result contains the factor &, and. throwing this out, the condition is 

3H{ -(5m 2 18to+17) Jac. (U, H, QH)-(5m-9)(m-2) Jac. (U, H, Gu)} 
+ (m-2) 2 {27H Jac.(U, H, Q)-40 Jac.(U, H, *)}=0, 

5f2 



556 PEOPESSOE CAYLEY ON THE SEXTACTIC POINTS OP A PLANE CUEVE. 

or, as this may also be written, 

-(15to 2 -54to+51)H Jac.(U, H, Q w )-S(5m-9)(m-2)TL Jac.(U, H, Q v ) 
-f27(w-2) 2 {H Jac. (U, H, Q E )+ H Jac. (U, H, &„)} 

-40(m-2) 2 Jac. (U, H, * )=0. 

27. Hence the condition finally is 

(12m 2 -54m+57)H Jac.(U, H, Q^)+(m-2)(12m-27)IL Jac. (U, H, fi ) 
-40(m-2) 2 Jac.(U, H, *)=0, 

or, as this may also be written, 

-3(m-l)HJac.(U, H, aH)+(w-2)(12m-27)H Jac. (U, H, H) 
-40 (m-2) 2 Jac. (U, H, *)=0, 

viz. the sextactic points are the intersections of the curve m with the curve represented 
by this equation; and observing that U, H, Hfi and "fr are of the orders in, Zm— 6, 
8m— 18 respectively, the order of the curve is as above mentioned = 12m— 27. 

Article Nos. 28 to 30. — Application to a Cubic. 

28. I have in my former memoir, No. 30, shown that for a cubic curve 

n=(% 25, C, f, <&, Eft* *,> S,) 2 H= -2S . U=0, 

this implies Jac. (U, H, Q)=0, and hence if one of the two Jacobians, Jac. (U, H, O^), 
Jac. (U, H, Qh) vanish, the other will also vanish. Now, using the canonical form 

TJ=x 3 -\-y 3 +z 3 -\- ftlxyz, 
we have 

Q=(&. •!«', ...) 

-{yz-Px 2 , zx-iy , xy-l 2 z 2 , l 2 yz-h 2 , l 2 zx-ly 2 , l 2 xy-lz% 
j _3^, -U 2 y, -U% (1+2P>, (1+2*% (1+2Z 3 >), 

the development of which in fact gives the last-mentioned result. But applying this 

formula to the calculation of Jac. (U, H, Qg), then disregarding numerical factors, we 

have 

-d^=(yz-l 2 af, . , . Pyz-lx 2 , . , .£-3Z 2 , 0, 0, (1+2Z 3 ), 0, 0) 

= -BP (yz-Px 2 ) 

+ (l+2P )(Pyz-lx 2 ) 

=(-l+P)(x 2 +2lyz)=S-d x U; 

and in like manner 

V2 s =sa,u, aAi=sd.u, 

and therefore 

Jac. (U, H, Q )=S Jac.(U, H, U)=0, 
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whence also 

Jac.(U, H, Q g )=0; 

and the condition for a sextactic point assumes the more simple form, 

Jac.(U, H, *)=0. 

29. Now (former memoir, No. 32) we have 

*=(<3, B, C, f, 0, HP.H, c^H, B,H) 2 
= (1+81J (fz 3 +z 3 a?+xy) 

+(-9l 6 ) (x 3 +y 3 +zj 

+(_2^-5Z 4 -20^) (a?+f+z 3 )xyz 
+(_15f_78Z 5 +12Z>yz 2 , 

or observing that ^ 3 +^ 3 +z 3 and xyz, and therefore the last three lines of the expression 
of * are functions of \J(=x 3 +y s +z 3 +Qlxyz) and TL(=-l 2 (x 3 +f+z s )+(l+2l 3 )xyz), 
and consequently give rise to the term=0 in Jac. (U, H, Ir), we may write 

*=(1 + 8l 3 )%fz 3 +z 3 x 3 +x 3 y 3 ). 

30. We have then, disregarding a constant factor, 

Jac. (U, H, ¥)= Jac. (x 3 -\-y 3 +z 3 , xyz, y 3 z 3 +z 3 x 3 +x 3 y 3 ) 

of, f, z 2 

yz, zx, xy 

x\tf+z 3 ), y%z 3 +x 3 ), zX^+y 3 ) 
= x'if-z^+yXz^-x^+zXx'-y 6 ) 
= (y 3 —z 3 )(z 3 — x 3 )(x 3 —y 3 ), 
so that the sextactic points are the intersections of the curve 

V=x 3 +y 3 +z 3 +Wxyz=0, 
with the curve 

(f -z 3 ){z 3 -x 3 ){x 3 -f)= 0. 



Article Nos. 31 to 33. — Proof of identities for the first transformation. 

31. Calculation of (df+lOold.+lOd^+lSd^DU. 
Writing d in place of D, we have (former memoir, No. 20) 



But 



(Bt+6B?B 2 )U= I ^ T? (- 



-2B 2 H-B 2 H+^^H4>- 

J ' m — 1 



^h). 



2 m— 1 



23 



= (3^-6K3m-7) W _p^U [ aVH+ «^. a 

(m— l) 2 (m— l)-* ' (m— 1) 



former memoir, 

Nos. 21 & 22 ; 
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and thence 

r** Lfi^ mt — 

(m-1) 4 



(bt+6d=9 2 )U= Ji ^ i (lBm*--6Qm+60)E.Q 



+^ I? (-10m+18)VH 

$4 

+ (m-l) 4 ( Q ) ; 
whence operating on each side with o\, =B, we have 

(BI+10dJd t +-6Bfa,+12B 1 3|)U= ^^ 4 (18TO 2 -66m+60)(HB<I>+<I>BH) 

+ (^4(-10m+18){(B.V)H+3VH} 

, 3 4 



We have besides (see Appendix, Nos. 69 to 74), 



BQ. 



+ (^iya{-(^V)H}, 

^ U = (^^(-HBS+OBH); 
and thence 

(4B?d 3 +3B l Bi)U= -^ I p{(90m-21)HBO+(-m+9)$BH} 
+ (^ip{-4(B.V)H}; 

and adding this to the foregoing expression for 

(b\ + Wb 3 A+ 6B 2 B 3 + 12B 1 B^)U, 
we have 

(B?H-10B?B 2 +10B?B 3 +15B 1 ByU= 

7^ I y 4 {(27m 2 -96m+81)HBO + (17m 2 -56m+51)OBH} 

+^?if {(~14m+22)(B . V)H+(-10m+18)BV . H} 

1 ** BQ. 



^(m-1) 4 
32. Calculation of 



B 4 UB,H+2B 3 UB 2 H+2B 2 UB 3 H. 
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We have 

B,H=BH, 



^ U =(^ip t^H+^H- ^HO-J^ VH, 



$ 2 

B 3 U= 7 rro BH, 

3 (to— l) ,i ' 

$2 



B 2 H=B 2 H, 

^ t H= 5 ^ I (-3»+6)B*-<WH+ ^(B . V)H, 



d 2 U=7 tts H, 

-* \m—\y ' 

for which values see Appendix, No. 58. And hence the expression sought for is 

= ^^{((m-l)(tB 2 H+B 2 H)-H4>-tWH)BH 

+2(m-l)BHB 2 H 
+2H((-3m+6)HB<I>-(I>BH+S(B . V)H)}, 



which is 



■& 2 



=^ri)s{ t(m-l)BHB 2 H 
+ (m-l)BHB 2 H 
+ (-6m+12)H 2 BO-3H$BH} 

as 

+ I ^ =I? {2H(B . V)H-|BHVH}. 

But we have, former memoir, Nos. 21 & 25, 

B 2 H= -i Sm - 6 ) Hd> 5- VH, 

to— 1 to — 1 

(3 TO -6)(.^-7) HH ^ZL4 ^ 

(m— l)'' ' (to— i) 2 (m— ly ' 

so that the foregoing expression becomes 

.a 2 



or finally 



= (^!)3{-(8m-16)H$BH+|aBHVH 

_ (3to-6)(3to-7) h ^ h 6m-14^ HVH _J^ QBH 

TO— 1 ' TO— 1 TO— 1 

- 3H<J>BH-(6w-12)H 2 B<I>} 

+ ( ^ I? {2H(B.V)H-|BHVH} ; 

B 4 UB,H+2B3UB 2 H+2B 2 UB 3 H 

=^— [ y 4 {(-6m 2 +18m-12)H 2 BO+(-17m 2 +60m-55)HOBH} 



. (fB =i)4{(2m-2)H(3 . V)H+(8m-16)BHVH} 
f^J-OBH}. 
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33. Calculation of B 2 UB 3 U. 

This is 

■S 4 



'("»-!)■ 



HBH. 



Article Nos. 34 & 35. — The Jacobian Formula. 

34. In general, if P, Q, K, S be functions of the degrees p, q, r, s respectively, we 
have identically 

=0, 



i>p, 


20, 


rE, 


sS 


d«P, 


BA 


s*e, 


BJS 


V* 


B y Q, 


B,E, 


B y S 


s,p, 


B,Q, 


B,E, 


B 2 S 



or, what is the same thing, 

p? Jac.(Q, E, S)-£QJac.(E, S, P)+rEJac.(S, P, Q)-sSJac.(P, Q, E)=0. 

Hence in particular if P=U, and assuming U=0, we have 

-gQ Jac. (E, S, U)+rE Jac. (S, U, Q)-sS Jac. (U, Q, E)=0. 

If moreover Q=&, and therefore q=l, we have 

-& Jac. (E, S, U)+rE Jac. (S, U, S)-sS Jac. (U, &, K)=0 ; 

or, as this may also be written, 

-aJac.(U, E, S)+rEJac.(U, a, S)-sS Jac.(U, a, E)=0; 
that is 

-&Jac.(U, E, S)+rRBS-sSBE=0. 

35. Particular cases are 

(2m- 4) <DBH-(3m-6)HB<I> =aJac.(U,0 , H), ante, No. 12, 

(5m-ll)VHBH-(3m-6)HB(VH)=& Jac. (U, VH, H), „ 14, 

(2m- 4)V:BH-(3m-6)HB.V =^Jac.(U,V , H), 

(5m- 12) QBH-(3m-6)HBQ =aJac.(U,Q , H), „ 18, 

(8m-18) ¥BH-(3m-6)HBY =&Jac.(U,¥ , H), „ 19, 

(2m- 4) QBH-(3m-6)HEQ =& Jac. (U, B , H), „ 25, 

(3m- 8) QBH-(3m-6)HFQ =a Jac. (U, Qp , H), 

where it is to be observed that in the third of these formulae I have, in accordance with 
the notation before employed, written B .V to denote the result of the operation B per- 
formed on V as operand. I have also written V : BH to show that, the operation V is 
not to be performed on the following BH as an operand, but that it remains as an 
unperformed operation. As regards the last two equations, it is to be remarked that 
the demonstration in the last preceding number depends merely on the homogeneity of 
the functions, and the orders of these functions : in the former of the two formulae, the 
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differentiation of 12 is performed upon Q, in regard to the coordinates (x, y, z) in so far 
only as they enter through U, and Q. is therefore to be regarded as a function of the 
order 2m— 4 ; in the latter of the two formulae the differentiation is to be performed in 
regard to the coordinates in so far only as they enter through H, and Q is therefore to 
be regarded as a function of the order 3m— 8. The two formuhe might also be written 

(2m-4)QdH-(3m-6)HBQ g =^ Jac. (U, Q a , H), 
(3m-8)QBH-(3m-6)HBQ B =& Jac. (U, Q^, H); 

and it may be noticed that, adding these together, we obtain the foregoing formula, 

(5m-12)QBH-(3m-6)HdS2=& Jac. (U, Q, H). 

Article Nos. 36 to 40.— Proof of equation (o\V)H=Jac.(U, H, O), 

used in the second transformation. 

36. We have 

=(aa.+£B,+03„ $3.+sa,+;fa„ ®>.+f*,+€*.X\ t*> »)• 

Also 

a=(B».-q»)3;+(C\-A*)B f +(Af6-Bx)B. 

=XP+^Q+vR, 
if for a moment 

P, Q, R=Cd y -Bd„ Ad s -C3„ B3.-AB r 
Hence 

a.v=(Px+<>+iu).(aB.+fca,+<6&., fca.+afc,+;fa„ ®a.+dra,+CB.x*.iM» 

viz. coefficient of X 2 =pga.+Pfca,+P*a., 

and so for the other terms ; whence also in (d . V)H the coefficients of X 2 , &c. are 

(pga.+p©a,+p«a.)H, &c. 

37. Again, in Jac. (U, H, <£), where <£=(& &, C, #, <£, $Xx, p, vf, the coefficients 
of X 2 , &c. are Jac. (U, H, $), &c. ; and hence the assumed equation 

(o\V)H= Jac. (U, H, <X>), 
in regard to the term in X 2 , is 

(Psaa.+pfcB,+p®a.)H= Jac. (u, h, a), 



and we have 



Jac.(U,H,B) 



A , B , C a 

B.H, B,H, B S H 

=p,H(ca,-BB,)+a^[(AB,-ca # )+^(B3.-Ab f )]a 

=(^H.P+B,H.Q+B s H.R)a; 
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so that the equation is 

P9^H+P^H+P<g^H 

or, as this may be written, 

[(BB.-ca,^i-(ca i ,-AB,)sr]a,H 

38. The coefficient of c^H is 

=Ad.a+Ba.fc-C(3.8+B,fc), 
which, in virtue of the identity, post, No. 40, 

is 

=AB a a+B3J|+Cd s <g. 

And in like manner the coefficient of "b S H 
so that the equation is 

39. But we have 

or multiplying by s, y, z and adding, 

(m-lXaA+$B+6C)=flH ; 
whence also 

(m-l)(aA+^+(gc+A^+BB y i+CB^)=^H, 
that is 

(m-l)(AS,a+BB,^+Cd^)=afB,H ; 

and in like manner 

(»»-iXAa,g+Ba,$+cd,®)=aa.H, 

whence the equation in question. The terms in \ 2 are thus shown to be equal, and it 
might in a similar manner be shown that the terms in p are equal ; the other terms will 
then be equal, and we have therefore 

(b . V)H= Jac. (U, H, $). 

40. The identity 

0^+0^+0^=0 

assumed in the course of the foregoing proof is easily proved. We have in fact 
=b(d x c—d x g)+c(dj>^ b^h) 
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where the coefficients of b, c, f g, h separately vanish : we have of course the system 

B.a+a,fc+B.<g=o, 

B,<g+B,#+B,C=0. 

Article Nos. 41 to 46. — Proof of identities for the fourth transformation. 

41. Consider the coefficients {a, b, c, f, g, h) and the inverse set (% M, C, Jf, <&, H), 
and the coefficients (a!, h', d,f, g 1 , h% and the inverse set (91', %', €', f, 0, 1'); then 
we have identically 

(a, . .}>, y, s) 2 (<3', . •!«, • .)-(*, • •*«* +% +£*, • -) 2 

=« . .&r, y, *) 2 (& • OOV . .)-(<a, • -X^+%+^» • -) 2 > 

where (91', . -X a > • ■) and (31' • • X a '> • •) stand for 

(ST, 35', C, JT, ®, WXfi, b,c,2f,2g,2h) 
and 

(^ 3 , €, #, 6 , $ X< 5', </, 2/', 2</, 2*f) 
respectively. 

42. Taking (a, b, c,f, g, h), the second differential coefficients of a function U of the 
order m, and in like manner (a', V, d,f, g\ h'), the second differential coefficients of a 
function U' of the order m', we have 

m(m-l)U .(a',. Op., B„ 3JU'-(m-l) 2 (a', .-XBJJ, B,U, dJJ) 2 
=m'(m'-l)U' . (a, • .J3>„ B„ B,) 2 U -(m'-l) 2 (a, • -XBJJ', B,U', S,U') 2 ; 

and in particular if U' be the Hessian of U, then m'=3m— 6. 

43. Hence writing 

Q =(3, . . XB„ B„ B,) 2 H, * =(3, . -XB.H, B,H, B,H) 2 , 

Q.=(a', • • XB„ B„ B S ) 2 U, ¥,=03', . -XB.U, B,U, BJT) 2 , 

we have 

m(m-l)UQ 1 -(w-l) 2 ^ 1 =(3m-6)(3m-7)HQ-(3m-7) 2 ^; 

or if U=0, then 

-(m-l) 2 ^ 1 =(3m-6)(3w-7)HO-(3m-7) 2 ^; 

whence also 

-(m-l) 2 B^=(3m-6)(3m-7)(HBQ+&BH)-(3m-7) 2 B*, 

which is the formula, ante No. 21. 

44. Eecurring to the original formula, since this is an actual identity, we may 
operate on it with the differential symbol d on the three assumptions, — 

1. (a,b,c,f,g,h), (& , $ , € , Jf , <& , ©) are alone variable. 

2. (a 1 , b', c',f, g', h!), (91!, W, €', f, 0, &) are alone variable. 

3. (x, y, z) are alone variable. 

5 G 2 
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We thus obtain 
(da, . OO, y, *n®, • -Xa, . .) =(«', . .X<c, y, zf(b%. .£«', . •) 

+(a, . .X®, y, z)W, • -X3«» • -(*& • -1^+%+A • .)*» 

—2(91', . .x*£+%+<Fj • .X#d#+^B#+2Bc, • 

(a, . -X#, y, *)*(3a', . -X«. • •) =(da', . .Xx, y, zf{% . .X«', . •) 

-(d<3' 5 . .x^+%+f> • -) 2 +(«'> • -X*. y» *) 2 (& • -X^'> • •) 

-2(3, . .Xa'x+k'y+g'z, . .Xxbaf+t/dh'+zbtf, . .), 

2(a, . .X&, y, zX^x, dy, "&z)(%!, . -X«, • =2(a', . .Xar, y, «Xdff, ty» d*)(8» • •£«'> • •) 

—2(91', . X«*'+%+^5 • X^^+^By+^Bz, .) —2(9!, .Xa'x+h'y+g'z, . .X«'B.£+A'By+yBz, . .). 

45. If in these equations respectively we suppose as before that (a, i, c,f, g, h) are the 
second differential coefficients of a function U of the order m, and (a', b', c', f, g\ K) 
the second differential coefficients of a function U' of the order ml; . and that (A, B, C), 
(A', B', C) are the first differential coefficients of these functions respectively, then after 
some easy reductions we have 

(w-l)(w-2)BU(a', • -X« 5 • •) = »»'(m'-l)U'(3a, . .X«', . .) 

+m(m-l)U(a', • .£&«, • -(m'-l) 2 (3a, . -XA', B', C') 2 , 

-2(m-l)(m-2)(a', . -XA, B, CXBA, BB, 3C) 
m(m-l)U(B&', . 0ty> • •) = (m'-l)(m'-2)BU'(a, • OC^ • •) 

-{m-lf(b®, • -XA, B, C) 2 +m'(m'-l)U'(a, . .X^«', . .) 

-2(m'-l)(m'-2)(a, . -XA', B', C'XBA', BB', BC), 
2(m-l)oU(a', . -X«, • •) = 2(m'-l)BU'(a, . -X«', • •) 

-2(m-l)(a', • -XA, B, CXBA, BB, BC) -2(m'-l)(a, • -XA', B', C^A', BB, BC), 

equations which may be verified by remarking that their sum is 

m(m-l){BU(a', . 00, . 0+U[(2T, . 0P«> • .)+(&#, • •!«, • •)]> 
-(m-l) 2 {Ba', .-XA, B, C) 2 +(a', • -XA, B, CXBA, BB, BC)}=m'(m'-l) &c, 
viz., this is the derivative with B of the equation 

m(m-l)V(®, . .Xa, . .)-(m-l) 2 (a', . -XA, B, C) 2 =m'(m'-1) &c. 

46. Taking now TJ'=H, and therefore m'—^m— 6 ; putting also XJ=0, BU=0, and 

writing as before 

E^=(3a, ..XA', B', C') 2 , 

F^ ={% . . XA', B', C'XBA', BB', dC), 

E^=(Ba', ..XA,B,C) 2 , 

F*,=(ST, • • XA, B, CXBA, BB, BC), 

EH =(Ba, • .x«', • •)» 

m =(&'.. XBa',..), 
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then the three equations are 

-2(m-l)(m-2)F^ 1 =(3m-6)(3m-7)HEQ-(3m-7) 2 E^, 
-(m-iymr =(3m-7)(3m-8)QBH 

+ (3m- 6)(3m- 7)HFQ- 2(3m- 7)(3m- 8)F^, 

-2(m-l)F^ =2(3m-7)QdH-2(3m-7)F^, 

whence, adding, we have 

_( OT _l)*(E* 1 +2F* 1 )=-(3™-'<?(E*+2F*) 

+(3m-6)(3m-7){QBH+H(EQ+FQ)} 
(that is 

-(m-iyd% =-(3m-7) 2 B^+(3m-6)(3m-7)B.QH, 

which is right). 

And by linearly combining the three equations, we deduce 

(3m-6)(3m-7)HEQ=-2(m-l)(m-2) T% + (3m-7) 2 E*, 

(3ro-7)Q3H= -(m-1) F^+(3m-7) F*, 

(3w~6)(3m-7)HFQ= (w-l)(3m-8)F^+(3w-7)(3OT-8)F^-(m-l) 2 E^, 
which are the formula?, ante, No. 24. 

Article Nos. 47 to 50. — Proof of an identity used in the fourth transformation, viz., 

Jac.(U,VH,H)=-^F^, 

or say 

Jac.(U,H,VH)= J^(^..XA,B,CXaA,BB,BC). 

47. We have 

V=($, . .JX, p, cX^x, * t » ^») 

=((3, £, #X*> f*, »), (1, &> #X*> I*. ')» (<& -f. &3>> C> "K B <» ^> B *) ; 
or, attending to the effect of the bar as denoting the exemption of the (&, . .) from dif- 
ferentiation, 

Jac. (U, H, VH)= (3, % <BXK P, ») Jac. (U, H, d*H) 
+(& %> fl^ t*> ') Jac - ( u > H > B * H ) 
+(#, #, CX*> p> ") Jac - ( u > H > d* H )- 

48. Now 

Jac.(U, H, 3,H)=— ^ Jac. (U, ^H+#oVH+z^H, b^H), 

and the last-mentioned Jacobian is 

=BJE Jac. (U, a?, B,H)+^H Jac. (U, y, B,H)+B,H Jac. (U, z, *JI) 
+3/ Jac. (U, B,H, 9,H)+z Jac. (U, d s H, 3J3), 
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where the second line is 

= -y Jac. (U, B,H, 3,H) +z Jac. (U, B,H, 3„H), 

or writing (A', B', O) for the first differential coefficients and (a', V, c',f, g', h') for the 
second differential coefficients of H, this is 



■—y 



+i 



A, B, C 

</> /', c 
a\ tl, g' 



A, B, C 

a', h 1 , g> 
h', V, f 

= -y{<&, f, C'XA, B, C)+*(£', 35', JTIA, B, C). 
The first line is 

A, B, C 
A, B', O 
a'-, h', g' 

=A(B'g'-C'h')+B(C'a'-A'g')+C(A'h l -B'a% 
or reducing by the formula?, 

(3m-7)(A, B', C')=(a'x+h'y+g% h'x+b'y+fz, g'x+fy+c'z), 
this is 

=3^7 \M-^y+m)+^(-fy+Wz)+C(-€'y-{-S'z)} 

=3^7 {-y{<®, f, C'XA, B, C)+z(W, 35', fXA, B, C)}. 
Hence we have 
Jac.(U, H, a«H)=3^ (l+3^y) { -y(#, #, C'XA, B, C)+*(fc', »', #'XA, B, C)} 

i-ym f, C'XA, B, C)+<1'3' 5 #'XA, B, C)} ; 



3m — 7 
and in like manner 

.Tac.(U,H,S,H)=3^ 
Jac.(U, H,d s H)=3^ 
49. And we thence have 



Jac. (U, H, VH)=, 



3m— 7 



{-*(#, #, (g'XA, B, C)+a?(#, tfi, C'XA, B, C)}, 
{-<i'3',4T'XA, B, C)+y(®, W, #'XA, B, C)}. 

(M', <g'XA,*B,C), (1'3',#'XA,B,C), ((§',#', C'XA, B, C) 

* y > *, 



or multiplying the two sides by 

H, = 



a, A, # 
A, 5, / 

9> /> c 
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the right hand side is 

HX , Hft , HV 

X , Y , Z 

(m-l)A, (m-l)B, (m-l)C, 



"3m— 7 



which is 



:Hj 



?M— 1 



3m— 7 



if for a moment 



X, |», v 
A, B, C, 



X=(a',..;XA,B,CX«,A,<7), 
Y=(a',..IA,B,CXA,5,/), 
Z=(a',..XA,B,CX^,/, C ). 

50. Hence observing that these equations may be written 

x=(<3', . . oca, b, CX9A ajB, a.c), 

Y=(2T, • • XA B, CX^A, B,B, B y C), 
Z =(3', . . .XA, B, CXB 2 A, B Z B, B.C), 



and that we have 



B= 



d*> By, B* 



A, B, C, 

we obtain for H Jac. (U, H, V, H) the value 

=K^~(^, . . .XA, B, CX^A, BB, BC), 
or throwing out the factor H, we have the required result. 

Article Nos. 51 to 53. — Proof of identity used in the fourth transformation, viz., 

Jac.(U, V, H)H=-E^, 
or say 

Jac. (U, H, V)H=(B& ■ • -XA, B', C') 2 . 
51. We have 

V=((3, & <B,Xh h »), (% 35, tflh (*, >), (#, #, €XK, p, »)X**,Zp 3.), 
and thence 

B . V =((B^, B„& \<BXK p, »), (BJh 3A B JfX*, /*, "), @-& d*#, ^X*> f*, ")X^, *„ *.), 
and 

(3,. V)H=((BJ{, 3„& *J8XK{*, »), QM, \% *JTK t*, >), &J&, Bjf, BJ0& \h OXA', B', C), 
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with the like values for (d 9 . V)H and (o\ . V)H. And then 



Jac. (U, H, V)H= 



A , B , C 

A' , B' G 

(B..V)H, (B,.V)H, (o^.V)H, 



in which the coefficient of A' 2 is 

or putting for shortness 

(Cd,-B3„ AB,-CB„ B3,-A3,)=(P, Q, E); 
the coefficient is 

52. We have 

B=(Pa.+Q/*+B»), 
and thence 

coefficient &*-*%=(?&, m, p<gxx, ^, <o-(p& Q& bsdo, p, »), 

which is 

= f*{(ca,-Ba.^-(aa.-oa.)a} 
+» {(cd,-BB.>g-(BB.-ga,)a}, 

where coefficient of /a is 



and coefficient of c is 



so that 



=- A-dM-B*m+C(dM+*M) 
= -(AB s a+Bo^+CB 2 (§)=-^ I ^ s H, 

coefficient A tt -Ba=-^a?G»3JE-^,H). 



53. And by forming in a similar manner the coefficients of the other terms, it appears 

that 

. Jac. (IT, H, V)H-(o& . . .JA', B', C') 2 

1 



=-s=i( A '*+ B 'y+c*) 



or since the determinant is 



A' , B' , C 

d x H, B,H, BJI. 
, =0, 



A', B', C 

A', B', C 
we have the required equation, 

Jac. (IT, H, V)H=(aa, . . .£A', B', C') 2 . 

This completes the series of formulae used in the transformations of the condition for 
the sextactic point. 
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Appendix, Nos. 54 to 74. 

For the sake of exhibiting in their proper connexion some of the formulae employed 
in the foregoing first transformation of the condition for a sextactic point, I have 
investigated them in the present Appendix, which however is numbered continuously 
with the memoir. 

54. The investigations of my former memoir and the present memoir have reference 

to the operations 

d 1 =dx ~d x +dy "d s +dz o^, 

'b 2 =d 2 xb x -\-d 2 yb !/ + d 2 zb z , 

b 3 = d 3 #B*+ <%Bj,+ d 3 zb s , 

&c, 

where if (A, B, C) are the first differential coefficients of a function U=(*3£r, y, z) m , 
and X, ]«., v are arbitrary constants, then we have 

dx=3v— C(jt>, dy=C\—Av, dz=A(jt,—~B\; 
so that putting 

a=(B»-qa)a.+(Cfc-A»)a,+(Ap-B>oa. 

A, B, C 
X , p , v 

B„ Bj,, B«, 

we have 3,=B. The foregoing expressions of (dx, dy, dz) determine of course the 
values of (d 2 x, d 2 y, d 2 z), (d 3 x, d 3 y, d 3 z), &c, and it is throughout assumed that these 
values are substituted in the symbols B 2 , B 3 , &c, so that B : , =B, and B 3 , B 3 , &c. 
denote each of them an operator such as ~Kb x + YB„ + ZB a , where (X, Y, Z) are 
functions of the coordinates ; such operator, in so far as it is a function of the coor- 
dinates, may therefore be made an operand, and be operated upon by itself or any 
other like operator. 

55. Taking (a,b,c,f,g,h) for the second differential coefficients of U, {% 33, C,Jf, <B,W) 
for the inverse coefficients, and H for the Hessian, I write also 

<d ■=(&... .Xhi*,»)\ 

V =(3, . . .)>, p, »XB„ B,, 3,), 

Y =(£,... £B,H, B,H, B,H) 2 , 
T =(«, . . .)>B S — »B„ »<J,— ?id„ xB^— f*BJ, 
mdccclxv. 5 II 
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and I notice that we have 

rU=24>, VU=^H, DU=3H, 
V^= $, V 2 U=H$ , V.B=0 , 
the last of which is proved, post No. 65 ; the others are found without any difficulty. 
56. I form the Table 
B,U=0, 



"{m-lf 



VJ=;S(-&*) +(^ ! I p(BH), 

1 2 m— ly 3 2 ' m— 1 y ' (m—lfy 3 2 ' m— 1 m— 1 VJ ~M> 

2 tfi— 1 ■ m— 1 ' 

and assuming U=0, 

which are for the most part given in my former memoir; the expressions for B 2 U,B 3 U, 
which are not explicitly given, follow at once from the equations 

(B 2 +B 2 )U=0, (B?+2B 1 B 2 +B 3 )U=:0; 

those for BiB 3 U, BPJ, and B 4 U are new, but when the expressions for B,B 3 TJ and B 2 U are 
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known, that for d 4 U is at once found from the equation 
(d?+ 6o1d 2 + 4o\d 3 + 3^+ o\)U=0. 

57. Before going further, I remark that we have identically 

{a, . .\x, y, zf(a, . -Xfty— e/3, m—Xy, X/3— fta) 2 

ax+hy+gz, hx+by+fz, gx+fy+cz 

X I* , v 

<*> , P , 7 

=(& . 0C¥- A ftp— /3a, »p-7$y, 

(if for shortness p = ax + (By + yz, ^ = Xx + ft# + vz) 

— 2pa(2i, . -Xx, f*, j>x«> ft y) 

+& 2 (9l, ..X a ,/3,y) 2 . 

58. If in this equation we take (a, b, c,f, g, h) to be the second differential coefficients 
of U, and write also (a, j3, y)=(d M 3 y , B 2 ), the equation becomes 

m(m-l)Ur-(m-l) 2 d 2 = *(afc.+yB,+*d.)" 

-.23<aa.+ya,+sfc.)V 
+a 2 D, 
which is a general equation for the transformation of 3 2 (=d 2 ). 

59. If with the two sides of this equation we operate on U, we obtain 

m(jw-l)UrU-(m-l) 2 d 2 U= m(m-l)®V 

-2(m-l)&VU 

+S 2 DU; 
and substituting the values 

rU=24>, VU~H, DU=3H, 
' m— 1 ' ' 

we find the before-mentioned expression of B 2 U. 

60. Operating with the two sides of the same equation on a function H of the order 

ml, we find 

m(m-l)UrH-(m-l) 2 B 2 H= m'(m'-l)^>H 

-2(»»'-l)aVH 

+ & 2 DH; 

and in particular if H is the Hessian, then writing m'=3m— 6, and putting U=0, we 
find the before-mentioned expression for d 2 H. 

61. But we may also from the general identical equation deduce the expression for 
(BH) 2 . In fact taking H a function of the degree m' and writing 

(«, /3, y)=(d& B,H, o a H), 

5h2 
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we have 

m(m-l)V(a, . .XRH-^H, ^H-Xd.H, ^^-^^-(m-lfCdRf 

=m' 2 <I>H 2 -2m^HVH+^(a, ..IB.H, d,H, BJH) 2 ; 
and if H be the Hessian, then writing m' = 3m~6 and putting also U=0, we find the 
before-mentioned expression for (dH) 2 . 
62. Proof of equation 

We have 

B,=B.B = {(B)—C i »)3.+(a-A»)B,+(Af*-Bx)B.}. 

which is 

=X(C'B,-B'BJ+KA'B,~aBJ+"(B'B,-A'B,), 
where 

A'=BA=a(B»— C^+^Cx-AjO+^A/a-BX) 

=X(AC-^B)+^A-aC)+<aB-AA), 

with the like values for B' and C. Substituting the values 

(m-l)(A, B, C)=(a#+%+#z, hx+by+fz, gx+fy+cz), 
we have 

(m-l)A'=X(%-^z)+K4Ty-3Sz)+<%- Jfz) ; 
and similarly 

(m-l)B'=\(%z-<Bx)+p($tz-tfx)+»(<Bz-&w), 

(m-l)C=\($ia:-gLy)+t*(Ma;-%iy)+v(ffw-<By), 
and then 

(m-l)(OB,-B'og= X[(^-%)B, -(Sb-«ar)B.] 

+*[>(#, JT, CXB„ 3 r B.)-«(*B.+yB,+«B.)] 



that is 



whence 



or finally 



(m—lXOb 9 —B r b t )=xV—(9i, % #XX, /*, OO^.+y^+sB.), and so 
(m-l)(A'B s -C'BJ=yV-(l, 25, #Xx, /*, ,)(^+y^+^), 
(m-l)(B^-A'B,)=zV-(#, jr, CX^, /*, »X^.+^,+^.); 

(ot— l)b a =(Xa?+/*y+w)V— (a, . . . X x > /»». »)'(^.+y^+^«) 
3 2 = -^=i < i > (^,+y^+^)+^zr 1 V. 
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63. This leads to the expression for B 2 U; we have 

j *!_ v«. 

and operating herewith on U, we find 



B 2 U= W ^^0 2 U 

2(m - 1)5 ovu 



(w-1) 



V 2 U; 



~(m-l) 2 
or since 

vu= _i_ H V 2 U=HO, 

this is 

64. We have 5,9211=0, and thence 

(B?B 2 +B 1 B 3 +B 2 )U=0, 
that is 

B 1 B 3 U=-B?B 2 U-B 2 2 U; 

or substituting the values of B 2 B 2 U and B 2 TJ, we find the value of b\B 3 U as given in the 
Table. And then from the equation 

(Bt+6B?B 2 +4B 1 B 3 +3B 2 +B 4 )U, 
or 

B 4 U=-(Bt + 6B 2 B 2 +4B 1 B 3 +3^)U, 

we find the value of B 4 U, and the proof of the expressions in the Table is thus com- 
pleted. 

65. Proof of equation V.B = 0. 
We have 

v. b=v. ((B»-q*)a. +(Cfc-A»)a, +(a^-bx)b s ) 

= VAfaB.-ifc,) + VB(>fc.-te,)+ VC(te,-*B.) ; 
' and then 

VA=(8, ..-X^ /»> *X a > ^ #)=Hx, 

VB=(<3, ..-B, p, 0& ^,/)=H^, 

VC=(<a, ...XX, i*, ,Xy,/. c)=H»; 

or substituting these values, we have the equation in question. 
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66. Proof of expression for B 3 . 
"We have 

and thence operating on the two sides respectively with B,, =B, we have 

3.= -^i{B*(*B.+yB,+«B,)+*B.(d?B,+^,+aB,)} 

+^{BW+SB.V); 
or since 

this is 

B3=-^ T B$(^+^+,BJ-^ I OB+^ T B .V. 

67. Proof of expression for B 3 H. 
Operating with B 3 upon H, we have at once 

B 3 H=-^^HB<t> ^OBII+-^ f (B.V)H. 

3 m — 1 m — 1 m — l v ' 

The remainder of the present Appendix is preliminary, or relating to the investiga- 
tion of the expressions for B^U and B 2 B 3 IT, used ante, No. 31. 

68. Proof of equation V 2 BU=<DBH-HBO. 
We have identically 

(a ...ix, ^ v )\% ..oa, b„ * z t-[{&, ...ix, p, ,%<>„ b„ bj] 2 

=(abc— &c.)(a, . . -X^— pd,, XB*— fB^, /aB^— XBJ 8 ; 

that is 

0>D-V 2 =Hr; 

and then multiplying by B, and with the result operating on U, we find 

OnBU-V 2 BU=Hr3U. 

Now 

□ U=(a ...XB„ B„B,) 2 U 

=(% ...%a, b, c, 2f, 2g, 2A); 

and thence 

DBU=(& ...XB«, db, Be, 2B/, 2B#, 2BA); 

and observing that 

H= a, h, g 

h, b, f 
9i A c 
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and thence that 
BH= 



da, BA, ~dg 


+ 


«» K 9 


+ 


a, K g 


h, b, f 




U, B£, B/ 




h, b, f 


9* /» c 




9> f> ° 




ty> B/> ^ c 



=(& & W. M, ty)+(& 35, ffXM, BJ, B/)+(#, #, CXfy, B/ 3c) 

=(3, • • Opo, **> Bc > 23/, 2B#, 2M, 
we see that 



Moreover 



and thence 



that is 

Hence the equation 

becomes 

that is, 



DBU=BH. 

ru= (a, ...x^-^, ...) 2 U 
= a(bi? -\-C(ji?—2fpv) 
+ 6(cX 2 +af— 2gtk) 
■\-c{a(j?+b7?—2]ikp) 
+ 2/( — fx 2 +gty + hXv — apv ) 
+2g( fkp-gi* 2 +h(A V -bv\) 
+ 2h( fvk -\-gvp —h 2 — cXp) ; 

r3U= («, . . OOfy-pB., ...fbV 
= effbl+pfoc—tyibf) 

+ &c. 
= X^bdc + cbb -2fdf) 

+&c. 
=(B& B<B, BC, B#, 3<g, BIXa, /*, >) 2 , 

rBU=B4>. 

$oBU-V 2 BU=HrBU 

$BH-V 2 BU=HB$, 

V 2 BU=<I>BH-HB<I>. 

s 2 



69. Proof of equation B 1 B 2 U=— r ^(^BH-HB^). 
We have 

23 



B 2 = 
u 2 — 



■- ^- V 2 - 
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and thence multiplying by B„ =B, and with the result operating upon TJ, we find 

( m -l)( m -2) 2(m-2) S 2 

oAU— (m _ 1)2 ^oU- (a _ 1)2 wvu+ (M _ 1)S civu. 

But BU=0, and thence also V(BU)=0, that is (V . B)U + VBU=0 ; moreover V . B=0, 
and therefore (V . B)U=0, whence also VBU=0. Therefore 

B^U= F ^ I? BV a U; 

or substituting for BV 2 U its value =<1>BH— HB3>, we have the required expression for 
B^TJ. 

70. Proof of equation B?B 3 U=^^((3m-6)ro$+(-m+3)$BH) + ^^8{-(c).V)H}. 

We have 

B 3 =- w ^ I B^B,+yB y +^)-^ I $B + ^ I B.V, 

and thence multiplying by B 2 =B 2 , and operating on U, 

*^u= - ^>* 2 u- ^ w-u+^ca • V)B 2 U. 

To reduce (B . V)B 2 U, we have 

B(VB 2 U)=VB 3 U+ (B.VB 2 )U 

=VB 3 U + [(B . V)B 2 + V(B . B 2 )]U 

=VB 3 U+ (B . V)B 2 U+2VBB 2 U, 
and since 1 _ a 



multiplying by VB, and with the result operating on U, we obtain 

VBB 2 1 
or since VBU=0, this is 



VBB 2 U=-^$VBU+.-^ T V 2 BU; 
2 m— 1 ' m—1 



VBB 2 U=^V 2 BU. 
Hence «*. 

B(VB 2 U)=VB 3 U+(B . V)B 2 U+^ Z1 V 2 BU, 
that is 

(B . V)B 2 U=B(VB 2 U)-VB 3 U-^ Z1 V 2 BU. 

Substituting this value of (B . V)B 2 U, we find 

B 2 B 3 U= _^B$B 2 U- - 1 -. 3>B 3 U 

1 3 m—1 m—1 



-^(B(VB 2 U)-VB 3 U) 



+^ )2 (-2V 2 BU), 
the three lines whereof are to be separately further reduced. 
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71. For the first line we have 

3«U=- r -^ ra H, B 3 U=-t-^BH, 
(m—iy ' (m—l)' 

and hence 

first line of B 2 B 3 U=7^^((m-2)HdO+$BH). 

72. For the second line, we have 

V(B 2 U)=VB 2 U+2(V .d)o-U 

=VB 2 U, since V . B = 0, and therefore (V . B)BU=0 ; 
that is 

VB 2 U=V(B 2 U)=v(^-^h) 

= ~i (UV*+*VU)- 5r rjj.(yVH+2aHV&) ; 
or writing 

U=0, VU=-^H, V^=4>, 

' m— 1 ' ' 



this is 
whence also 
Similarly 



(m—iy {m— 1) • 

*(V*U)=|^(HB*+*M[)- ^pBCVH). 

VB 3 U=V(B 8 U) 

= w ^l( VU^$ + UV ( B$ ))-^lp( &2V ( BH )+ 2W ^ H )'• 
or putting 

U=0, VU= w ^H, V*=<D, 

and observing also that V(BH), =Vo\H+(V.B)H is equal to VBH, that is to BVH, 
we obtain 

VB 3 U= ^ iy (mHB4>-2^H)-^ I? BVH; 

and then from the above value of B(VB 2 U), we find 

B(VB 2 U)-VB 3 U= I ^(-2HB$+m$BH)+ ( ^ I p(-B(VH) + BVH); 

3 2 
or observing that the term multiplied by , _ 1 , 2 is = — (d . V)H, we find 

second line of S 2 S 3 U=^ I p(-2HB<|)+OT<l>oH)+^i)3(-(B . V)H). 

MDCCCLXV. 5 I 
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73. For the third line, substituting for V 2 dU its value =$BH— HB$, we have 

third line of B?B 3 U=— ^^(OdH-HdO). 

74. Hence, uniting the three lines, we have 

B$ 3 U= (^((m -2)Hd<E>+ *BH) 

and reducing, we have the above-mentioned value of dfd a U. 



